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Abstract
A nonstatic Schwarzschild black hole interior solution in Painleve-
Gullstrand coordinates is proposed in this paper, by means of a coordinate
transformation that changes the spatial coordinate but the timelike one is
preserved. The timelike and null geodesic equations are obtained exactly,
taking advantage that the spatial z-coordinate is cyclic.
1 Introduction
The Schwarzschild (S) solution of the gravitational field equations has a fun-
damental importance in the conceptual discussions of General Relativity. The
exterior geometry of the S solution was extremelly successful in explaining the
phenomenon of the light bending, Mercury’s perihelion precession or red-shift
effect of the light frequences. However, there are certain ambiguities in the
S solution [1] - the presence of an event horizon (a one-way membrane), of a
singularity (naked or hidden behind the event horizon) or of a signature flip
when the black hole (BH) horizon is crossed: the exterior radial coordinate rs
and temporal coordinate ts reverse their role inside the BH. Thus, the interior
solution becomes a nonstatic geometry [2].
Dolan et al. [1] studied the interior S solution in detail. They remind that
the central singularity located at rs = 0 is a spacelike hypersurface and the test
particles are not directed towards a priviledged point. They obtained the line
element for the interior region without the prejudices inherited from the exterior
region. In addition, they found the interior Eddington-Finkelstein line element
directly from the interior S solution, investigating the corresponding timelike
and null geodesics. Notice that there are another useful coordinates which are
regular at the S horizon - the so-called Painleve-Gullstrand coordinates - which
were not studied by the above authors inside of the BH.
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A through examination of the BH interior was also made by Brehme in [2].
He observed that the interior universe in the spatial z-direction (which replaces
the exterior radial coordinate) is infinite, with z ∈ (−∞,∞). Moreover, the
interior world has a finite lifetime t ∈ [0, T ], where the constant T is the equiva-
lent of 2m from the exterior world, m being the BH mass. Brehme showed that
the exterior source at r = 0 is not a point source inside, but an ”instant” source.
The mass m appears only at the moment t = 0 and is uniformly distributed
along the z-axis, so that the world inside is established by an initial condition
rather than by a boundary condition at spatial infinity.
The Painleve-Gullstrand (PG) form [3, 4] of the S geometry has been less
studied (see, however [5, 6, 7, 8]). Kraus and Wilczek [5] investigated the radial
null geodesics of the S metric in PG coordinates even for r < 2m, observing
that one meets no obstruction at the horizon r = 2m. Martel and Poisson [6]
noticed the striking property that the four-velocity of a geodesic observer in PG
coordinates may be written as a gradient of some scalar function. This property
is remarkable and it turns out to follow from the equation of motion. The
gravitational collapse in PG coordinates is constructed by Kanai et al.[7] using
a single coordinate patch. They used a generalized form of the PG coordinates
where the time coordinate is the proper time of a freely-falling observer. They
gave the solution of Einstein’s equations in the cases of the collapse from a finite
radius as well as from infinity.
Kassner [8] remarked that the spatial coordinates are the same in the S
and PG coordinates, only the timelike ones are different. However, they run
at the same rate for a stationary coordinate observer at r. Inside the horizon
the continuity of the PG time across r = 2m suggest that it is a more suitable
time coordinate than the S time. He also studied the dynamics of a test particle
falling radially towards a BH in PG coordinates with a time dependent mass,
both for massive and massless particles.
Our purpose in this paper is to look for the PG line-element inside the hori-
zon of the BH, starting from the nonstatic interior S spacetime, even though the
interior geometry is usually considered as a continuity of the exterior geometry.
We shall adopt the strategy of Dolan et al. [1] and analyze the interior S region
without the pre-judgement inherited from the exterior region. However, their
recipe we apply to the PG form of the S metric (the authors of [1] dealt only
with the S and Eddington-Finkelstein forms of the interior spacetime)
The paper is organized as follows: in Sec.2 the nonstatic BH metric in PG
coordinates is introduced. The coordinate transformation changes the radial
coordinate but the timelike one is preserved. The timelike and null geodesics
are calculated in Sec.3. A summary and conclusions are given in Sec.4. The
geometrical units G = c = 1 will be used throughout the paper, unless otherwise
specified.
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2 Black hole interior in PG coordinates
Consider the standard representation of the S line-element
ds2 = −(1− 2m
rs
)dt2
s
+ (1 − 2m
rs
)−1dr2
s
+ r2
s
dΩ2, (2.1)
where rs, ts are the S radial and time coordinate, respectively, m is the BH
mass and dΩ2 is the squared line-element on the surface of the unit two-sphere.
In the interior of the BH (rs < 2m), a signature switch takes place so that ts
and rs exchange their roles: ts becomes a spacelike coordinate and rs a timelike
coordinate. Therefore, the spacetime (2.1) appears now as [1, 2, 9]
ds2 = − 1
2T
t
− 1dt
2 + (
2T
t
− 1)dy2 + t2dΩ2, 0 < t < 2T (2.2)
The constant T may be fixed from a direct comparison with the exterior S
solution (the matching condition gives T = m). The coordinate y takes the role
of the radial coordinate from the exterior region. As Brehme [2] has noticed,
the interior world in the y-direction is infinite, with −∞ < y <∞. In addition,
the mass m is distributed uniformly along the y-axis.
To arrive at the PG form of the above line-element, the following coordinate
transformation is performed
z = y − f(t), (2.3)
whence
dz = dy − (df(t)/dt)dt. (2.4)
When (2.4) is introduced in (2.2), one obtains
ds2 =
[
(
2m
t
− 1)
(
df
dt
)2
− 1
2m
t
− 1
]
dt2+(
2m
t
−1)dz2+2(2m
t
−1)df
dt
dzdt+t2dΩ2.
(2.5)
If we now choose the function f(t) such that the term multiplying dt2 is -1, we
get 1
ds2 = −dt2 + (2m
t
− 1)dz2 + 2
√
2− 2m
t
dzdt+ t2dΩ2, m < t < 2m. (2.6)
We propose this geometry as the spacetime in the interior of a SBH in PG
coordinates. The metric (2.6) is, of course, Ricci-flat, but the variable t is
restricted between m and 2m and −∞ < z <∞ [2]. It is worth noting that the
spatial coordinate z is no longer a radial coordinate. Moreover, even though an
exterior observer consider a spherically-symmetric spacetime, that is not valid
in the interior where the geometry appears to be planar, as points of different
φ-coordinate are parallel to one another [1]. In addition, the Kretschmann
scalar K is given by K = 48m2/t6, i.e. a curvature singularity occurs at t = 0.
1We chose df/dt > 0 for to examine the case z˙ < 0, as we will see later.
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However, the singularity is out of the domain of variation of the time variable,
that is t ∈ (m, 2m). Note also that the coefficient of the off-diagonal term in
(2.6) has not exactly the same form as for the exterior PG metric. That is due
to our choice of the tt-metric coefficient to be -1.
3 Geodesics
We study now the interior region not as a continuation of the exterior domain
but as a spacetime with its own properties. To start with, we take advantage
that the geometry (2.6) does not depend on the spatial coordinate z and we also
consider only geodesics along the z-coordinate (dθ = dφ = 0). We take a look
at a freely-falling massive test particle and obtain its equation of motion from
the Lagrangean
L =
1
2
gab x˙
ax˙b, (3.1)
where a, b = 0, 1, 2, 3 and x˙a = dxa/dτ , τ being the proper time. The Euler-
Lagrange equations
∂L
∂xa
− d
dτ
∂L
∂x˙a
= 0 (3.2)
yield, keeping in mind that z is a cyclic coordinate
d
dτ
[
(
2m
t
− 1)z˙ +
√
2− 2m
t
t˙
]
= 0 (3.3)
whence, along the geodesic
(
2m
t
− 1)z˙ +
√
2− 2m
t
t˙ = const. (3.4)
From (2.6) we have also
t˙2 − (2m
t
− 1)z˙2 − 2
√
2− 2m
t
t˙z˙ = 1. (3.5)
We choose z˙ = 0 (zero initial momentum at t = m) and so we get const. = 0 in
(3.4). Combining (3.4) and (3.5) one obtains
ua ≡ (t˙, z˙, 0, 0) =

√2m
t
− 1,−
√
2− 2m
t√
2m
t
− 1
, 0, 0

 , (3.6)
where ua = dxa/dτ , with uaua = −1. One could easily check that we have,
indeed, ab = ua∇aub = 0, where ab is the acceleration four-vector. Eq. (3.6)
gives us
dz
dt
= −
√
2− 2m
t
2m
t
− 1 , (3.7)
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whence the equation of motion in terms of the coordinate time could emerge.
By means of the following change of the time variable, u = (2m/t)− 1, we get
z(u) =
∫
2m
√
1− u
u(1 + u)2
du ≡ 2m(I1 − I2 − I3), (3.8)
where
I1 =
∫ √
1− u
u
du, I2 =
∫ √
1− u
1 + u
du, I3 =
∫ √
1− u
(1 + u)2
du. (3.9)
Calculating the above elementary integrals we have, in terms of the physical
variable t
z(t) = t
√
2− 2m
t
+ 2mln(
2m
t
− 1)− 4mln(1 +
√
2− 2m
t
)
+
6m√
2
ln(
√
2 +
√
2− 2m
t
) +
3m√
2
lnt− 3m√
2
ln2m.
(3.10)
The constant of integration was chosen such that z(m) = 0. From (3.7) it is
clear that z(t) is a decreasing function of t. We have, indeed, z(t)→ −∞ when
t→ 2m, due to the second term in (3.10).
Let us consider now the null geodesics in the geometry (2.6). The relation
equivalent to (3.5) is now
t˙2 − (2m
t
− 1)z˙2 − 2
√
2− 2m
t
t˙z˙ = 0, (3.11)
obtained from ds2 = 0. The overdot stands here for the derivative with respect
to the affine parameter along null geodesic, that is t˙ = dt/dλ, z˙ = dz/dλ. The
above equation leads to
(
2m
t
− 1)
(
dz
dt
)2
+ 2
√
2− 2m
t
dz
dt
− 1 = 0. (3.12)
We distinguish two situations, corresponding to the two roots of (3.12):
(i)
v
−
≡ dz
dt
= −
√
2− 2m
t
+ 1
2m
t
− 1 < 0, (3.13)
with v
−
= −1 at the initial time t = m and v
−
→ −∞ when t → 2m. Similar
calculations as those for the timelike geodesics give us
z(t) = t(
√
2− 2m
t
+ 1)− 4m ln(1 +
√
2− 2m
t
) +
6m√
2
ln(
√
2 +
√
2− 2m
t
)
+m(
3√
2
− 2) lnt+ 4m ln(2m− t)− 3m√
2
ln2m− 2m lnm−m.
(3.14)
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The constant of integration was selected such that z(m) = 0. In addition, one
observes that z(t) → −∞ when t → 2m thanks to the term proportional to
ln(2m− t).
(ii)
v+ ≡ dz
dt
=
1−
√
2− 2m
t
2m
t
− 1 > 0, (3.15)
with v+ = 1 at t = m and v+ → 1/2 when t → 2m, so that v+ remains finite
for any value of t in its domain of variation, contrary to the previous case. The
equation of motion of the massless test particle along the z-axis appears now as
z(t) = t(
√
2− 2m
t
− 1)− 4m ln(1 +
√
2− 2m
t
) +
6m√
2
ln(
√
2 +
√
2− 2m
t
)
+m(
3√
2
− 2) lnt− 3m√
2
ln2m+ 2m lnm+m,
(3.16)
with z(m) = 0 as before. In (3.16) the two terms containing ln(2m−t) were can-
celled out and, therefore, z(t) is finite and positive at t = 2m. The positiveness
is assured by the fact that z(t) is here an increasing function of t (v+ > 0).
4 Conclusions
We have provided in this paper simple arguments that the Schwarzschild space-
time is nonstatic inside the BH even in PG coordinates, though is generally
considered that one may use the same coordinate patch both inside and out-
side the BH horizon. The reason comes from the fact that, to get the interior
line-element, the starting point should be the nonstatic interior geometry in
Schwarzschild coordinates, as the authors of [1] did for other coordinate systems.
Though the expressions for timelike and null geodesics in the spatial z-direction
are complicate, they are however exact and have reasonable properties.
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